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ABSTRACT 

It is well known fact that gravitational mass can alter the space time structure 
and gravitational redshift is one of its examples. Static electric or magnetic charge 
can also alter the space time structure, similar to gravitational mass, giving rise to its 
effect on redshift. This can also be considered as electro and magneto static redshift. 
Gravitational redshift has been reported by most of the authors without consideration 
of static electric and / or magnetic charges present in the rotating body. In the present 
paper, we considered the three parameters: mass, rotation parameter and charge to 
discuss their combined effect on redshift, for a charged rotating body by using Kerr - 
Newman metric. It has been found that, the presence of electrostatic and magnetostatic 
charge increases the value of so-called gravitational redshift. Calculations have been 
also done here to determine the effect of electrostatic and magnetostatic charges on the 
amount of redshift of a light ray emitted at various latitudes from a charged rotating 
body. The variation of gravitational redshift from equatorial to non- equatorial region 
has been calculated, for a given set of values of electrostatic and magnetostatic charges. 

Subject headings: Gravitational Redshift; Kerr Field; Kerr - Newman Field. 


1. Introduction 

Gravitational redshift has been reported by most of the authors without consideration of 
rotation of a body, as detailed in our previous work Dubey and Sen (2014). Payandeh and Fathi 
(2013) had obtained the gravitational redshift for a static spherically symmetric electrically charged 
object in Isotropic Reissner - Nordstrom Geometry. Dubey and Sen (2014) had obtained the 
expression for gravitational redshift from rotating body in Kerr Field. They also showed the rotation 
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and the latitude dependence of gravitational redshift from a rotating body (such as pulsars). The 
expression of Gravitational Redshift Factor (3ft) from rotating body in Kerr Field was given as 
(Eqn. 69, Dubey and Sen (2014)); 

^) = \l 9tt + ( 1 ) 

Apsel (1978, 1979) had discussed, that the motion of a particle in a combination of gravitational 
and electro and magneto static field can be determined from a variation principle of the form S f dr 
=0. The form of the physical time is determined from an examination of the Maxwell - Einstein 
action function. The field and motion equations are actually identical to those of Maxwell - Einstein 
theory. The theory predicted that even in a field free region of space, electro and magneto static 
potentials can alter the phase of wave function and the life time of charged particle. 

Gravitational redshift has been reported by most of the authors without consideration of static 
electric and / or magnetic charge present within the rotating body. With this background, the 
present paper is a continuation of our previous work Dubey and Sen (2014), to study the influence 
of electro and magneto static charges of a rotating gravitating body on the redshift. 

The present paper is organized as follows. In Section - 2, we derive the expression for radial 
component of electro and magneto static field from charged rotating body by using the associated 
potential of Kerr-Newman Field. In Section -3, we derive the expression for combined gravitational 
and electro-magneto-static redshift from rotating body. Finally, some conclusions are made in 
Section -4. 


2. Radial Component of Electro and Magneto Static Field from Charged Rotating 

Body 

When rotation is taken into consideration spherical symmetry is lost and off - diagonal terms 
appear in the metric and the most useful form of the solution of Kerr family is given in terms of t, 
r, 6 and (f>, where t, and r are Boyer - Lindquist coordinates running from - oo to -|- oo, 9 and 4>, 
are ordinary spherical coordinates in which cj) is periodic with period of 2 vr and 9 runs from 0 to 
TT. Covariant form of metric tensor for Kerr family (Kerr (1963), Newman et ah (1965)) in terms 
of Boyer-Lindquist coordinates with signature (-I-, -,-,-) is expressed as: 

ds^ = guc^dt^ + grrdr"^ + geed9‘^ + g,j>,j>d(j)^ + 2gt^cdtd(j) (2) 

where gij's are non-zero components of Kerr family. 

If we consider the three parameters; mass (M), rotation parameter (a) and charge (electric (Q) 
and / or magnetic (P)), then it is easy to include charge in the Non-zero components of gij of Kerr 
metric, simply by replacing {vgr) with [rgV — — P"^). 

Non-zero components of gij of Kerr-Newman metric are given as follows (page 261-262 of Carroll 
(2004)); 

Vgr -Q"^ - 


gtt = (1 


( 3 ) 



3 - 


9rr — 

gee = -p 


A 

2 


= -[r"' + a + 


9 {r„r — 0“^ — P‘^)a?si'n?9, 

' — -- \sm 6 


9t4> 


asi'n?6{rgr — — P^) 


with 


and 


2 2,2 2n 

p = r + a cos ff 


A = — CgT + Q'^ + P‘^ 


( 4 ) 

( 5 ) 

( 6 ) 

( 7 ) 

( 8 ) 

(9) 


where Cg = {2GM/c^) is the Schwarzschild radius. Q and P are electric and magnetic charges 
respectively and a (= ■^) is rotation parameter of the source. If we replace {rgV — — P'^) by 

(cgT — Q'^) and further if we put rotation parameter of the source (a) equal to zero, then it reduces 
to Reissner - Nordstrom metric. Also if we replace (r^r — Q^ — P^) by (r^r) then the Kerr-Newman 
metric reduces to Kerr metric and further if we put rotation parameter of the source (a) equal to 
zero then it reduces to Schwarzschild metric. 

The associated potential of the Kerr-Newman metric are expressed as (page 262 of Carroll (2004)): 


A,= 


Qr — PacosO 


Ad, = 


-|- aP‘cos‘^6 
Ar = 0 
Ae = 0 

—Qarsin?6 -|- P(r^ -|- a?‘)cos6 


( 10 ) 

( 11 ) 

( 12 ) 

(13) 


-|- a?cos‘^6 

Electromagnetic field strength tensor {Fij) can be expressed in terms of potential as (page 65 (Eqn 
23.3) of Landau and Lifshitz (2008)): 


^ dAj 
“ dp 


dx^ 


(14) 


Radial component of Electric Eield (E’’) can be related to electromagnetic field strength tensor 
{Fij) by the expression (page 254 of Carroll (2004)): 


= Frt = -Ff 


tr 


Using equations (10-14) we can express the radial component of electric field E^ as: 

dAt dAr dAf 


E^ = Frt = 


dr 


dt 


dr 


(15) 


(16) 
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After simplification the above equation can be written as: 

Q 2r{Qr — PacosO) 


= Frt = 


+ a?cos‘^9 (r^ + a^cos‘^6Y 


(17) 


Radial component of Magnetic field (R^) can be related to electromagnetic field strength tensor 
{Fij) by the expression (page 254 of Carroll (2004)): 




(18) 


Levi-Civita Tensor (e^”^*-^) and Levi-Civita Symbol (e^'^*-^) in four - dimension are related by the 
expression (page 24 and 83 of Carroll (2004)): 




jrpo-jj 


where g=\gij\ is the determinant of metric gij and 

+1, if paij is an even permutation of 0123 
— 1, if paij is an odd permutation of 0123 
0, otherwise. 

Radial component of Magnetic field {B^) given by equation (18) can be now rewritten as: 


(19) 


e 


■pat] _ 


= < 


R’’ = 




( 20 ) 


Using the property of Levi-Civita Symbol (e^'^*-^) and anti symmetric property of component of 
electromagnetic field strength tensor (Fg^) the above expression can be written as: 


= 


‘^Fg^ 

7^9 


( 21 ) 


Thus the difference in Kerr and Kerr-Newman metric lies in replacing (r^r) by {rgr — Q'^ — P'^). The 
determinant of the Kerr-Newman metric can be written as (similar expression is given in case of 
Kerr metric page 347 (Eqn. 104.5) of Landau and Lifshitz (2008); page 16 (Eqn. 1.70) of Wiltshire 
et al. (2009)): 

9 = \9i,j\ = —7 + a^cos^6)‘^sin^6 (22) 


Using equations (10-14) we can express the component of electromagnetic field strength tensor 
{F^g) as: 

= = (23) 


dcf) do do 

After simplification the above equation can be written as: 

Qarsin29 — P{r‘^ + o?)sin9 {QaTsiri^O + P{r‘^ + a?‘)cos9)a?‘sin29 

FthO = ~l-- 7. --1- T~7 ,—: n --J (24) 


-|- a^cos‘^9 


(^2 _|_ g2(,Qg‘2QY 
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Combining the equations (21), (22) and (24), the radial component of magnetic field (-B*^) can be 
written as; 


= - 


(j .2 _j_ aP'cos‘^ 9 )sin 9 


.Qarsin29 — P{r‘^ + a^)sin9 ^ {Qarsin‘^9 + P{r‘^ + a?‘)cos9)a?‘sin29^ 


+ a?cos‘^9 


(j.2 _|_ g2f.Qg2QY 


(25) 

Substituting 6* = | in equations (17) and (25), we can write the radial components of electric and 
magnetic field for equatorial plane as: 


and 


E'^{9 = 


TT 


2 



TT 2P{r‘^ + a?) 

~P~ r4 


(26) 

(27) 


3. Gravitational and Electro-Magneto-Static Redshift from Rotating Body 


Frame dragging is a general relativistic feature of all solutions to the Einstein field equations 
associated with rotating masses. Due to the influence of gravity, frame dragging or dragging of 
inertial frame arises in the Kerr metric. The quantity ^ is termed as angular velocity of frame 
dragging as given by Collas and Klein (2004). 

Considering the ray of light emitted radially outward from the surface of a compact object (from 
a rotating body with radius ‘R’), the general expression of angular velocity of frame dragging (^) 
in Kerr field was given as (Eqn. (46) of Dubey and Sen (2014): 


dcj) 

cdt 


= 


Rsin(f)sinO /-i 
sin^O ^ 


-) + 


-^{Rsin(j)sin9) + {r^ + ^ 


■sin‘^9) 


(28) 


If we consider a rotating body having electric charge (Q) and magnetic charge (P), then using the 
above equation we can write the expression for angular velocity of frame dragging in Kerr-Newman 
Eield i^{4>,9)KN) as; 


dcp 

cdt 


{4>-,G)kn = 


Rsin(f)sin8 _ (rgr—Q^—P^) ^ (rqr—Q^—P^)a 
1 ' 


sin^d 


r^+d^cos^d 


iRsin(j)sin9) + {r^ + a? + 


(29) 


Again for any general 9 and at (/> = the expression for ^ from above equation (29) can be 
written as; 


dcj) 

cdt 


(</> 



R Q I (rgr-Q^-P^)a 

sinO r‘^-l-a‘^cos^0 ' ' 


r‘^-\-a‘^cos^0 


(rgr-Q'^-P'^)a(jy^.^a\ , („2 i i (rgr-Q'^-P'^)a? 

- r^+a^cos-^e [Psinti) + {r +a + S%n J 


+a'-^cos'-^6 


Eor equatorial plane where 9 


d(j) 

cdt 


{4> 



= 5, the above expression (30) can be rewritten as: 


i^)kn - 


R{1 - 


irgr-Q^-P^)\ I (rgr-Q'^-P^)a 

-- 


_ (.^.-Q.-p.), (^) ^ + «2 + irgr-Q^-P-)P ^ 


(30) 


(31) 
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The above expression (31) is the expression for frame dragging (^) on the equatorial plane. 


In General relativity, redshift (Z) and redshift factor (3ft) are defined as: 

^ = 5R=- 
Z +1 J 


(32) 


This uj is the frequency measured by a distant observer in terms of proper time (r) and w is 
the frequency measured in terms of the world time (t). A redshift (Z) of zero corresponds to an 
un-shifted line, whereas Z < 0 indicates blue-shifted emission and > 0 red-shifted emission. A 
redshift factor (3ft) of unity corresponds to an un-shifted line, whereas 3ft < 1 indicates red-shifted 
emission and 3ft > 1 blue-shifted emission. 


For a sphere, the photon is emitted at a location on its surface where dr = dO = 0, as the sphere 
rotates. 


As a result, we can write the expression of frequency as observed by distant observer as; 
/ 5'h dx^ d(f> u 

where T = —kiX^ + a, is defined as eikonal and ki is the wave four - vector. 


(33) 


Following (Eqn.(69) of Dubey and Sen (2014)) we can write the expression for Gravitational Red¬ 
shift factor for a rotating body with electric charge (Q) and magnetic charge (P) as: 



rgr-Q2_p2 ^ {vgr-Q"^ - P^)a^siv?e . 2n(^^2 , ^ asm^e{rgr - - p2) 

r^ + a^cos^9^ ^ + a^cos^O ^ ^cdt’ + a^cos^O 

(34) 


where ^ = ^{4’,0)kn is the corresponding expression of angular velocity of frame dragging in 
Kerr-Newman Field as given by equation (29). 

Again for any general 6 and at cj) = ^, the expression for 3ft((/) = 9)kn from above equation (34) 
can be written as: 


d4> 

cdt 


) 



^(4’ = ■^,0)kn = 


rgr-Q^-P^ _ {rgr-Q‘^-P^)a?siv?9 , ^ asin‘^9{rgr - - P^) dcj) 

r^ + a^cos‘^9^ ^ + a^cos^9 ^ + a^cos^9 ^cdt 


(35) 

where ^ = ^(i^ = f > 0)kn is the corresponding expression of angular velocity of frame dragging 
in Kerr-Newman Field as given by equation (30). 
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For equatorial plane where 9 = ^, the above expression (35) of = ^,6)kn can be written 
as: 



= 2 ’^ ^ ^ 


rgV — <52 _ p2 


, 9 , 9 , {vgr - Q"^ - P‘^)a? d(p u,y, g 

(H + a"^H- - -5- ){—-y + 2 

cat 


a{rgr — Q'^ — -P^) d(p , 
y cdt' 


(36) 


where ^ = ^(</> = ^,6 = ^)kn is the corresponding expression of angular velocity of frame 
dragging on the equatorial plane as given by equation (31). 


If we set magnetic charge (P) and rotation parameter of source (a) both equal to zero in the above 
expression of redshift factor (36), then the coresponding redshift factor in Reissner - Nordstrom 
Geometry {^rn) can be written as: 


^RN — 



1 

Zrn + 1 


where Zrri is the gravitational redshift in Reissner - Nordstrom Geometry. 


(37) 


Now the obtained expression of redshift factor (37) exactly matches with the gravitational red¬ 
shift factor for a static spherically symmetric electrically charged object in Reissner - Nordstrom 
Geometry (Eqn. (30) of Payandeh and Fathi (2013)). 

We can replace the values of electric charge (Q) and magnetic charge (P) in terms of radial com¬ 
ponents of Electric field (E^) and Magnetic field (R’’) by utilizing equations (17) and (25). Thus 
we can obtain the general expression for the Redshift factor from charged rotating body in Kerr- 
Newman Field, which can be considered as combined Gravitational and Electro-Magneto-Static 
Redshift factor. 


In the above expression of redshift factor given by equations (34) to (36): 

• If we substitute P=0 and a=0 then we can obtain the coresponding redshift factor in Reissner 
- Nordstrom Geometry. 

• If we substitute Q=P=0, then we can obtain the coresponding redshift factor in Kerr Geom¬ 
etry. 

• If we substitute Q=P=0 and a=0, then we can obtain the coresponding redshift factor in 
Schwarzschild Geometry. 

• If we substitute a=0, then we can obtain the coresponding redshift factor from a static body 
of same mass (Schwarzschild Mass) having static electric and magnetic charge present in the 
body. 
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Further for showing the physical significance of the calculations reported here, we have considered 
a pulsar PSR J 1748-2446ad (Dubey and Sen (2014); Hessels et al. (2006)) having Schwarzschild 
radius {rg)=4.05 km, physical radius (R)= 20.10 km, and rotation parameter (a)=2.42 km. 

In Fig. 1, we make a plot using equation (35), showing the variation of redshift = f,0)) 

with latitude (0), at different values of (Q^ + R^) = 0, 1.0 xlO®, 1.0 xlO'^, 1.5 xlO'^, 1.8 xlO'^ 
km‘^. There are some of arbitrary values of + permissible by equation (9), such that A > 0. 

From Fig. 1, it is clearly seen that the value of gravitational redshift increases as the sum of 
square of electrostatic and magnetostatic charges (Q^ + R^) increases. The amount of gravitational 
redshift also increases from pole to equatorial region (maximum at equator) at a fixed value of 

(Q2 + P2)_ 

Below we apply the results of our calculations to one practical case. 


Pulsars are rapidly rotating neutron stars and it is known that neutron stars have intense magnetic 
field. If we consider a rotating object having intense magnetic field (such as pulsars), and electro¬ 
static charge (Q) equals to zero, then we proceed as follows: 

From equation (25), we can rewrite the radial component of magnetic field = 0)) as: 

2 —P(r‘^ + a?)sin6 P{r‘^ + a‘^)cos9a‘^sin26 


R"(Q = 0) = — 


+ 


(^2 _|_ a?cos‘^9)sin9 ^ -|- a?cos^9 

After simplification the above equation (38) can be rewritten as: 

B''{Q = 0) = ^ “ a^cos^9) 


(r2 -|- a?‘cos^9Y 


(38) 


(j,2 _|_ 

Now we can write magneto static charge (P) in terms of radial component of magnetic field (R 
as: 


(39) 


P{9) = 


B''{r‘^ + a?cos‘^9)‘^ 


(40) 


2(r2 -|- a?){r‘^ — a?cos^9) 

Substituting electrostatic charge (Q) equals to zero in the expression of redshift factor as given by 
equation (30), we can write the expression of redshift factor {^Magnetostaticifp = f > ^)) of rotating 
object having intense magnetic field as: 


TT 


^Magnetostatici4^ — 2 ^ P — 


( 1 - 


r„r 


-R2 


r2 -)- a?cos^9 


— H -|- a2 -|- 


2 I ^Tgr - p‘^)a?‘siv?9^ d4> 


-|- a?cos^9 


■ , ^asin‘^9{rgr - P^) d(J) 

r^ + aWe 


(41) 

where ^ = ^(</> = ^,9)kn can be obtained by substituting electrostatic charge (Q) equals zero 
in equation (30). 


R (-1 _ (ikl-i!!) 'I I irgr-P‘^)a 


cdt 


'9'-^ ) \ I V 9' 

= - 9) = 

^ + (r‘ + 


( 42 ) 




0 (in degree) 

Fig. 1.— Shows the variation of redshift {Z{(1> = §,0)) versus latitude {9) from 0 = 0 to 90°, at 
different values of + P"^) = 0, 1.0 xlO®, 1.0 xlO^, 1.5 xlO^, 1.8 xlO^ km?, for a pulsar PSR J 
1748-2446ad. 
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0 (in degree) 

Fig. 2.— Shows the variation of redshift {Z{(l) = f,0)) versus latitude {9) from 0 = 0 to 90°, at 
different values of magnetostatic field {B'^) = 0, 1.0 xlO“^, 1.5 xlO“^, 2.0 xlO“^, 2.5 xlO“^ Tesla, 
for a pulsar PSR J 1748-2446ad. 
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The obtained expression (41) of redshift factor of a rotating object having intense magnetic field, 
also shows the dependence on latitude at which light ray has been emitted. 

In Fig. 2, we make a plot using equation (41), showing the variation of redshift (^(</> = f,^)) 
with latitude (6), at different values of magnetostatic field (B^) =0, 1.0 xl0“®, 1.5 xl0“®, 2.0 
xl0“®, 2.5 xl0“® Tesla, for a pulsar PSR J 1748-2446ad. From Fig. 2, it is clearly seen that the 
value of gravitational redshift increases as the magnetostatic field (B^) increases. The amount of 
gravitational redshift also increases from pole to equatorial region (maximum at equator) at a fixed 
value of magnetostatic field (B^). 

This work has high significance in the area of astrophysics research. There are many objects 
in nature, like neutron stars, magnetars etc which have high amount of rotation, electric and mag¬ 
netic field. In general. Sun - like stars have surface magnetic field. In addition one can expect a 
Sun - like star to hold some amount of net electric charge (1.5 x 10^® e.s.u) due to frequent escape 
of electrons than that of protons (Motz (1961)). Thus calculations reported in this paper will have 
astrophysical significance. 


4. Conclusions 

1. Considering the three parameters: mass, rotation parameter and charge, the combined grav¬ 
itational and electro-magneto-static redshift factor for a rotating body has been calculated 
by using Kerr - Newman Geometry. 

2. The effect of electrostatic and magnetostatic charges on the amount of redshift of a light ray 
emitted at various latitudes from the rotating body has been calculated. 

3. Under the boundary condition of zero electrostatic and magnetostatic charges, the calculated 
expression for ‘Gravitational Redshift Factor’, reduces to the corresponding expression for 
gravitational redshift factor in Kerr Geometry. Further if we consider the rotation velocity of 
the body to be zero, then we can obtain the corresponding gravitational redshift factor for a 
static body of same mass (Schwarzschild Mass). 

4. Under the boundary condition of zero magnetostatic charge and zero rotation velocity, the 
calculated expression for ‘Gravitational Redshift Factor’, reduces to the corresponding expres¬ 
sion for gravitational redshift factor in Reissner - Nordstrom Geometry. Further if we consider 
the electrostatic charge to be zero, then we can obtain the corresponding gravitational redshift 
factor for a static body of same mass (Schwarzschild Mass). 

5. Gravitational redshift increases as the electrostatic and magnetostatic charges increase, for a 
fixed value of latitude at which light ray has been emitted. 
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6. Gravitational redshift increases from pole to equatorial region (maximum at equator), for a 
given set of values for electrostatic and magnetostatic charge. 
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